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2 Ž .All Ree groups F q are characterized by their element orders. Q 1999 Aca-4
demic Press
Ž .For any group G, denote by p G the set of all element orders of G.e
Ž .Clearly, p G is a partially ordered set under the divisibility relation.e
Ž . Ž Ž ..Given a finite resp., infinite group G, let h p G be the number ofe
Ž .isomorphism classes of finite resp., infinite groups with the same set
Ž . Ž Ž ..p G of element orders. It is clear that h p G G 1 for any group G.e e
In terms of function h, groups G are classified as follows:
Ž Ž ..DEFINITION 1. A group G is called irrecognizable if h p G s ‘e
Ž .infinity ; otherwise G is called recognizable. In addition, a recognizable
Ž Ž ..group G is called a k-recognizable group if h p G s k. Usually, ae
1-recognizable group is called a characterizable group.
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We prove, using the classification theorem of finite simple groups, that
2 Ž . 2 mq1any Ree group F q is characterizable, where q s 2 , m G 0. Groups4
considered in this section are finite and simple groups are non-Abelian.
Ž .Given a group G, denote by p G the set of all prime divisors of the order
w xof G. All further unexplained notation is standard and refers to 5 , for
instance.
2 Ž .MAIN THEOREM. All Ree groups F q are characterizable.4
w xThe above result affirmatively answers the problem posed in 20, 22 .
We first give some definitions and lemmas.
w x Ž .DEFINITION 2 25 . The prime graph G G of a group G is the graph
Ž .with vertex set p G , two vertices p and q are adjacent if and only if G
contains an element of order pq. The number of connected components of
Ž . Ž . < <G G is denoted by t G . When G is even, let p be the connected1
component containing 2.
Ž w x. Ž .LEMMA 1 See 25, Theorem A . If G is a group such that t G G 2,
then G has one of the following structures:
Ž .1 Frobenius or 2-Frobenius;
Ž .2 simple;
Ž .3 an extension of a p -group by a simple group;1
Ž .4 simple by p ; or1
Ž .5 p by simple by p .1 1
A group G is called 2-Frobenius if there exists a normal series 1 F H F
K F G of G such that H is the Frobenius kernel of K and KrH is the
Frobenius kernel of GrH.
Ž w x.LEMMA 2 See 14, Lemma 1 . Let N be a normal subgroup of G.
Assume that GrN is a Frobenius group with a Frobenius kernel F and a cyclic
Ž < < < <.Frobenius complement C. If F , N s 1, and F is not contained in
Ž . < < Ž . < <NC N rN, then p C g p G , where p is a prime factor of N .G e
2 Ž .We first give the set of element orders of F q .4
Ž2 Ž ..  Ž . Ž .LEMMA 3. p F q s 1, 2, 4, 8, 12, 16, the di¤isors of 2 qq1 , 4 qy1 ,e 4
2 2 2Ž . Ž . Ž .' '4 q q 2 q q 1 , 4 q y 2 q q 1 , q y 1, q q 1, q y q q 1, q y 1
2 3r2 1r2' 'Ž . Ž .Ž .' 'q q 2 q q 1 , q y 1 q y 2 q q 1 , q q 2 q q q q 2 q q 1,
2 3r2 1r2' ' 4and q y 2 q q q y 2 q q 1 .
w x w xProof. From 23, Table II and the formulas listed in 15, p. 342 , we
2 Ž .know that the largest order of 2-elements of F q is 16 by a direct4
< < < < < < < <calculation. In fact, we have that u s 1, u s u s 2, u s 4, i s0 1 2 i
< < < < Ž3, 4, . . . , 9, u s 8, j s 10, 11, . . . , 14, u s 16, k s 15, . . . , 18 see thej k
w x.Appendix in 23 .
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w x Ž . Ž .Ž .223, Table IV gives that the order of C t is q q y 1 q q 1 . So,G 5
Ž . Ž2 Ž .. w x2 q q 1 g p F q . Again by 23, Table IV , the order of centralizer ofe 4
Ž .an element of order 4 has no any divisor of q q 1, that is, 4 q q 1 f
Ž2 Ž .. 2 Ž .p F q . Note that F q has only two conjugacy classes of involutions,e 4 4
w xwhose representatives are u and u in 23, Table II .1 2
 4Consider the maximal elements k of the order of 2, 3 -elements of
2 Ž .F q with respect to the division relation. Let k be a p-part of k.4 p
w x 2 Ž .Suppose k G 4. From 23, Table III , F q has an element of order 12.2 4
w x 2 Ž .By 23, Table II , centralizers of elements of order 8 and 16 of F q are4
2-groups, and further they do not contain nontrivial 3-elements. On the
other hand, the largest order of 3-elements, which is contained in a
centralizer of element of order 4, is 3. That is to say: k s 12. If k G 9,3
Ž . Ž Ž 2 . .then because 3 g p q q 1 and q q 1, q y q q 1 r3 s 1, by a discus-
< <sion in the last paragraph, we have that k s 2 q q 1 . At this time, there3
are two maximal elements k.
2 Ž .Similarly, because centralizers of elements of orders 8 and 16 of F q4
w xare 2-groups, by 11, Main Theorem , the orders of other elements contain-
Ž . Ž .'ing nontrivial 2-elements are the divisors of 4 q y 1 , 4 q q 2 q q 1 ,
Ž . w x Ž .'and 4 q y 2 q q 1 . Note that by 23, Table IV , the order of C t isG 11
2 2 Ž . Ž 2 . Ž 2 .q q 1, and further F q has no element of order 2 q q 1 and 4 q q 1 .4
w x 2 Ž .According to 23, Table IV and the structure of maximal tori of F q4
Ž w x.see 23, p. 10 , the other conclusion of the lemma holds.
The following two corollaries are clear.
Ž . Ž2 Ž .. Ž2 Ž ..COROLLARY 1. 1 If r g p F q , then 12 r f p F q .4 e 4
Ž . Ž2 Ž ..2 For any odd prime s, 8 s f p F q .e 4
Ž w x. Ž2 Ž .. COROLLARY 2 See also 5, p. 75 . p F 2 s 1, 2, 3, 4,e 4
45, 6, 8, 10, 12, 13, 16, 20 .
Ž2 Ž 2 mq1..LEMMA 4. 15 f p F 2 , m G 0.e 4
Ž2 Ž ..Proof. Clearly, 15 f p F 2 from Corollary 2. If m G 1, then q ’e 4
Ž . <Ž 2 . Ž .y1 mod 3 , and further 3 q y q q 1 . Because q ’ y1, 2, 5 mod 9 , we
2 Ž . <Ž . <Ž 2 .get q y q q 1 ’ 3 mod 9 . Clearly, 3 q q 1 and 5 q q 1 . Note that
Ž . Ž 2 . Ž 2 . Ž Ž 2q y 1, q q 1 s q y 1, q y q q 1 s q y 1, q q 1 s q q 1, q y
. . Ž 2 . Ž 2 2 .q q 1 r3 s q q 1, q q 1 s q y q q 1, q q 1 s 1. By Lemma 4,
Ž2 Ž ..15 f p F q .e 4
Ž Ž ..LEMMA 5. For any q, we ha¤e 15 g p E q .e 8
Ž . wProof. Consider the Weyl group W of E q . By the first row of 6,8
xp. 112 , W contains a subgroup isomorphic to the symmetric group S over9
Ž .nine letters. It is clear that 15 g p S .e 6
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Ž2 Ž 2 .. nLEMMA 6. 15 g p D 3 , p s 2 q 1, n G 2.e p
w x 2 Ž 2 . Ž . qŽ .Proof. From 25, p. 511 , D 3 contains a section D 3 s O 3 .p 4 8
Ž qŽ .. Žw x.However, 15 g p O 3 5, p. 38 .e 8
LEMMA 7. The following groups ha¤e all an element of order 15:
2 Ž 2 . X Ž . Ž . Ž .J , E 2 , M, F , Ly, ON, J , E 3 , E 2 , U 2 , Th, B, F , Co , Suz, HS,4 6 24 1 7 7 6 23 2
J , M , M .3 24 23
w x Ž . Ž . Ž .Proof. By 4, Lemma 2.8 , L 3 = F 3 F E 3 . We then have 15 g2 4 7
Ž Ž .. w xp E 3 . The other conclusions follow from 5 .e 7
Ž . Ž2 Ž 2 mq1..LEMMA 8. Let G be a group such that p G s p F 2 , m G 1.e e 4
Then, any simple section of G is one of :
Ž . Ž . Ž .1 A , A , L 7 , L 4 , M , M ;5 6 2 3 11 22
Ž .2 A , p y 2 prime;p
Ž . Ž . 2 nq13 R q9 , q9 s 3 , n G 1;
Ž . Ž .4 F q9 , q9 is a power of 2;4
Ž . Ž . Ž .5 G q9 , q9 ’ 0 mod 3 ;2
Ž . Ž .6 L q9 ;2
Ž . Ž .7 Sz q9 , q9 is a power of 2;
Ž . 2 Ž .8 F q9 , q9 is a power of 2.4
Proof. By Lemma 1, the number of connected components of any
w xnon-Abelian simple section of G is G 3. The lemma follows from 10, 25
and Lemmas 5]7 together.
Ž . Ž2 Ž ..LEMMA 9. If G is a group satisfying p G s p F 2 , then any simplee e 4
Ž . Ž . 2 Ž .section of G is A , A , L 3 , L 25 , or F 2 9.5 6 3 2 4
< Ž . < < Ž . <Proof. A group G is called a K -group if p G s n. Because p Gn
w xs 3, the simple section of G is a K -group or a K -group. From 8, 9 and3 4
comparing element orders, we have our conclusion.
Proof of the Main Theorem. Let q s 22 mq1, m G 0. If m G 1, then
Ž . w x  4 Ž .t G G 3 by 10 ; if m s 0, then 3, 5, 13 : p G by Corollary 2. Hence, G
w xis nonsolvable by 9 .
First of all, G is neither Frobenius nor 2-Frobenius. Assume that G is a
Ž .Frobenius group. Then clearly t G s 2. So, m s 0. Let K and C be a
Frobenius kernel and a Frobenius complement of G, respectively. From
w x16, Theorem 18.6 , C has a normal subgroup C of index F 2 such that0
Ž . Ž .C s SL 2, 5 = Z, where every Sylow subgroup of Z is cyclic and p Z l0
 4 Ž .  42, 3, 5 is empty. So, Z s 1 by Corollary 2 and further p K s 13 . On
Ž .the one hand, 16 g p G . On the other hand, the Sylow 2-subgroup S ofe
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G is of order at most 16. It follows that S is cyclic and further G is
solvable, a contradiction. The case when G is 2-Frobenius is similar.
Next, by Lemma 1, G has a normal subgroup sequence 1 F N - G F G1
such that N is a nilpotent p -group, and G rN is simple, and GrG is a1 1 1
solvable p -group.1
2 Ž .Step 1. If m s 0, then G rN , F 2 9; if m G 1, then G rN ,1 4 1
2 Ž 2 mq1.F 2 .4
Ž .  4 Ž .Suppose first m s 0. From Corollary 2, p G s 2, 3, 5 , and p G s1 2
 4 Ž . Ž . 2 Ž .13 . By Lemma 9, G rN is one of A , A , L 3 , L 25 , and F 2 9.1 5 6 3 2 4
Ž .  4 Ž .Then p G s 13 gives that C G rN s 1 and further that G rN F2 G r N 1 1
Ž .GrN F Aut G rN . Without loss of generality we may assume that N s1
Ž . Ž .  4O G , r g p G s 2, 3, 5 . If G rN is A , or A , then the Sylowr 1 1 5 6
13-subgroup of GrN would act fixed point freely on G rN. It yields that1
Ž .G rN were nilpotent, which is a contradiction. If G rN , L 3 , then1 1 3
Ž2 Ž .. Ž . w xbecause 9, 15 f p F 2 and 13: 3 F L 3 5, p. 13 we have thate 4 3
Ž Ž ..r / 3, 5. So, r s 2. Because 5 f Aut L 3 , we have a contradiction. If3
Ž . Ž2 Ž .. 2 Ž .G rN , L 25 , then because 24, 36 f p F 2 and 5 : 12 F L 251 2 e 4 2
w x Ž Ž ..5, p. 16 we have that r / 2, 3. So r s 5. Because 16 f Aut L 25 , we2
2 Ž .also have a contradiction. We get that G rN , F 2 9.1 4
Ž w x. Ž .Suppose next m G 1. By Lemma 3 see also 10, Table II , p G s1
4 3 2 3r2 1r2' ' 4 Ž . Ž .q, q q 1, q q 1 , p G s p q q 2 q q q q 2 q q 1 ,2
2 3r2 1r2' 'Ž . Ž . Ž .p G s p q y 2 q q q y 2 q q 1 . Clearly, t G s 3.3
According to Lemma 8, we consider the simple section of G by a case by
case.
Ž . Ž 21. If G rN , Sz q9 , q9 is a power of 2, then because 5 g p q9 q1
2 3r2 1r2' '. '1 , we have q9 y 1 s q q 2 q q q q 2 q q 1, q9 y 2 q9 q 1 s
2 3r2 1r2 2 3r2 1r2' ' ' 'q y 2 q qqy 2 q q1, or q9y1sq y 2 q qqy 2 q q1,
2 3r2 1r2' '' 'q9 q 2 q9 q 1 s q q 2 q q q q 2 q q 1. It yields that 2 q9 r2
Ž . Ž .' ' 'y 1 s 2 q q q 1 or 2 q9 r2 q 1 s 2 q q q 1 . The left of above two
equalities is odd, while the right is even. It is impossible.
Ž .2. Consider the case when G rN , L q9 . We then have that1 2
Ž Ž .. Ž .t L q9 s t G s 3.2
Ž . Ž Ž .. Ž .1 q9 is a power of 2. Because p L q9 s p q9 q 1 ,2 2
2 3r2 1r2' 'Ž Ž .. Ž .p L q9 s p q9 y 1 , we have q9 q 1 s q q 2 q q q q 2 q q3 2
2 3r2 1r2' '1, q9 y 1 s q y 2 q q q y 2 q q 1. We clearly get a contradic-
tion.
Ž . Ž . w x Ž Ž .. Ž .2 q9 ’ 1 mod 4 . From 25 , p L q9 s p q9 y 1 ,1 2
Ž Ž .. Ž . Ž Ž .. ŽŽ . . np L q9 s p q9 , p L q9 s p q9 q 1 r2 . Let q9 s p . If n s 1,2 2 3 2
2 3r2 1r2 2 3r2' ' 'Ž .then p s q q 2 q q q q 2 q q 1, p q 1 r2 s q y 2 q q
1r2 2 3r2 1r2' ' 'q y 2 q q 1. It implies that 1 s q y 3 2 q q q y 3 2 q q 1,
2 3r2 1r2' 'impossible. If n ) 1, then p s q y 2 q q q y 2 q q 1,
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n 2 3r2 1r2' 'Ž .p q 1 r2 s q q 2 q q q q 2 q q 1. By a direct calculation, we
2 3r2 1r2 2 2 3r2' ' 'Ž . Žhave that q y 2 q q q y 2 q q 1 q 1 ) 2 q q 2 q q q q
1r2' .2 q q 1 . It is also impossible.
Ž . Ž .3 The case when q9 ’ y1 mod 4 is similar.
Ž . Ž . 2 23. If G rN , G q9 , q9 ’ 0 mod 3 , then q9 q q9 q 1 s q q1 2
3r2 1r2 2 2 3r2 1r2' ' ' '2 q qqq 2 q q1, q9 y q9 q 1sq y 2 q qq y 2 q q1.
1r2' Ž . Ž .It follows that q9 s 2 q q q 1 . However, q9 ’ 0 mod 3 , a contradic-
tion.
Ž . w x4. If G rN , F q9 , q9 is a power of 2, then from 24 , the Hall1 4
4 2 3r2'Ž .p -subgroups of F q9 are cyclic, i s 2, 3. So, q9 q 1 s q q 2 q qi 4
1r2 4 2 2 3r2 1r2' ' 'q q 2 q q 1, q9 y q9 q 1 s q y 2 q q q y 2 q q 1. Hence,
2 1r2' Ž . <Ž .q9 s 2 q q q 1 . It is impossible because 3 q q 1 .
Ž . 2 nq15. Assume that G rN , R q9 , q9 s 3 , n G 1. It is similar to1
2 3r2 1r2' '' 'arrive at q9 q 3q9 q 1 s q q 2 q q q q 2 q q 1, q9 y 3q9
2 3r2 1r2 1r2' ' ' Ž .'q 1 s q y 2 q q q y 2 q q 1. Thus, 3q9 s 2 q q q 1 , and
Ž .2further 3q9 s 2 q q q 1 . As q9 is a power of 3, it is a contradiction.
6. Similarly, we have that G rN is not isomorphic to A , p y 21 p
Ž . Ž .prime, A , A , L 7 , L 4 , M , or M . In addition, consequently by5 6 2 3 11 22
2 2 3r2 1r2' 'Ž .Lemma 9, G rN , F q9 . So q9 q 2 q9 q q9 q 2 q9 q 1 s1 4
2 3r2 1r2 2 3r2 1r2' ' ' 'q q 2 q q q q 2 q q 1, q9 y 2 q9 q q9 y 2 q9 q 1 s
2 3r2 12 1r2 1r2' ' ' 'Ž .q q 2 q q q q 2 q q 1. We get that 2 q9 q9 q 1 s 2 q
Ž . 2 Ž .q q 1 . Thus, q9 q 1 s q q 1, q9 s q. It follows that G rN , F q .1 4
Step 2. N s 1.
Ž .We may assume that N / 1 is an elementary Abelian r-group, r g p G1
2 Ž . 2 Ž . w xwithout loss of generality. If m s 0, then 5 : 12 F L 25 F F 2 9 5 .2 4
According to Lemma 2, Corollary 1 gives that r / 2, 3; otherwise, 12 r g
Ž . Ž .p G : p G by Lemma 2, r s 2,or 3. Similarly, because A F S Fe 1 e 4 4
Ž . 2 Ž . w x Ž . Ž .S F L 25 F F 2 9 5 and 15 f p G : p G , we have that r / 5.5 2 4 e 1 e
w x 2 Ž .So, N s 1. Assume that m G 1. From 11 , F q contains a Frobenius4
2 3r2 1r2' 'Ž .group of order q q 2 q q q q 2 q q 1 : 12. By Lemma 2, 12 r g
Ž . Ž . Ž .p G : p G . This contradicts Corollary 1 1 of Lemma 3.e 1 e
2 Ž .Step 3. G , F q .4
Ž .Because t G s 2, or 3, according to m s 0, or m G 1, we have that1
Ž . Ž .C G s 1. So, G F G F Aut G . If m s 0, then clearly G sG 1 1 1
Ž2 Ž . . Ž2 Ž . . 2 Ž .Aut F 2 9 because 20 f p F 2 9 . It follows that G , F 2 . If m G 1,4 e 4 4
2 Ž . Ž2 Ž .. w xthen F q F G F Aut F q . From 17, Theorem 7.1 , the outer auto-4 4
2 Ž . 2 Ž .morphism of F q is all a field automorphism. Let G s F q : s, where4 4
<s 2m q 1. If s / 1, then we may assume that s is a prime without loss of
sgenerality. Clearly, q s q . Let a be a field automorphism of order s. By
2 12 6 4 3w x Ž Ž .. Ž Ž .. Ž Ž .Ž .Ž27, Theorem 9.1 , p C a s p F q s p q q q 1 q y 1 qF Žq. 44
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.Ž .. Ž .q 1 q y 1 . If s / 3, then it easily follows that G G is connected.
Ž . Ž .Assume s s 3. Then for any prime 3 / r g p G we have that 3r g p G .1 e
6 2Ž . Ž .On the other hand, for any prime divisor r dividing q q 1 r q q 1 s
4 2 4 2 6 4 2 9Ž . Ž Žq y q q 1, because q y q q 1, q y 1 s 1 and q y q q 1, q q
2 23 s. Ž .. Ž Ž .. Ž Ž ..1 r q q 1 s 1, we have that 3r f p F q s p F q by consider-e 4 e 4
< Ž . <2ing prime divisors of C t . Notice that t is the representative of theF Žq. 4 44 2 Ž . w xonly one conjugacy class of order 3 of F q by 23, Table IV . Thus, we4
Ž . Ž2 Ž .. 2 Ž .get that p G / p F q . Hence, G , F q .e e 4 4
This completes the proof of the Main Theorem.
Ž Ž Ž ... Ž Ž Ž ... w xIt was proven that h p Sz q s 1 and h p R q s 1 1, 19 . So,e e
combining this with the Main Theorem we have:
Ž . Ž .PROPOSITION 1. All Suzuki]Ree groups except Sz 2 and R 3 are charac-
terized by their element orders.
How many infinite families of simple groups, such as Suzuki]Ree simple
Ž . Ž . w xgroups and L q q / 9 2 , are there which are characterizable? It is2
worthy to study further.
Until now, we do not know.
Problem 1. Is there an infinite group that is characterizable?
In the end, we mention the following 2-recognizable groups:
w xPROPOSITION 2 3, 12, 14, 21 . The following groups are 2-recognizable:
Ž . Ž . Ž .1 L 5 , L 5 .2;3 3
Ž . Ž . Ž .2 L 9 , L 9 .2 ;3 3 1
Ž . Ž . qŽ .3 S 2 , O 2 ;6 8
Ž . Ž . qŽ .4 O 3 , O 3 .7 8
Problem 2. Does there exist a 3-recognizable group?
w xThe following problem 13, Problem 13.63 is interesting.
Problem 3. Does there exist a number k such that for any recognizable
Ž Ž ..group G, h p G F k?e
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